Abstract. I. M. Milin proposed, in his 1971 paper, a system of inequalities for the logarithmic coefficients of normalized univalent functions on the unit disk of the complex plane. This is known as the Lebedev-Milin conjecture and implies the Robertson conjecture which in turn implies the Bieberbach conjecture. In 1984, Louis de Branges settled the long-standing Bieberbach conjecture by showing the Lebedev-Milin conjecture. Recently, O. Roth proved an interesting sharp inequality for the logarithmic coefficients based on the proof by de Branges. In this paper, following Roth's ideas, we will show more general sharp inequalities with convex sequences as weight functions and then establish several consequences of them. We also consider the inequality with the help of de Branges system of linear ODE for non-convex sequences where the proof is partly assisted by computer. Also, we apply some of those inequalities to improve previously known results.
Estimates of logarithmic coefficients
Let A denote the set of normalized analytic functions on the open unit disk D = {z ∈ C : |z| < 1} and S denote its subclass of univalent functions. We define the logarithmic coefficients of f by the formula
γ n z n .
Throughout the discussion, γ n := γ n (f ) denote the logarithmic coefficients of a function f ∈ S. Louis de Branges [5] solved the long-standing Bieberbach conjecture by showing the Lebedev-Milin conjecture (see also [7] ): For each n ≥ 1,
where equality holds if and only if f is the Koebe function K(z) = z/(1 − z) 2 or its rotation e −iθ K(e iθ z) = z/(1 − e iθ z) 2 for some θ ∈ R. Note that for f (z) = z/(1 − e iθ z) 2 we have γ n = e inθ /n for n = 1, 2, . . . . As an application of the de Branges theorem (1.2), we will show a more general inequality. As a preparation, we recall a notion of convexity for sequences. A sequence of real numbers p n , n = 1, 2, 3, . . . , is called convex if p n − 2p n+1 + p n+2 ≥ 0 for all n ≥ 1.
Note that p n = ϕ(n), n = 1, 2, 3, . . . , form a convex sequence if ϕ(x) is a convex function on [1, +∞) in the ordinary sense. We can now state it as follows. Theorem 1.1. Let p n , n = 1, 2, 3, . . . , be a convex sequence of non-negative numbers with p 1 > 0 such that ∞ n=1 (p n /n) < +∞. For f ∈ S with expansion (1.1), the inequality
p n n holds. Moreover, the inequality is strict unless f (z) has the form z/(1 − e iθ z) 2 for some θ ∈ R.
We remark that the theorem is not really new. The same statement was already made by de Branges [5] when the convex sequence p n is eventually vanishing, i.e., p n = 0 for sufficiently large numbers n. Zemyan in his 1993 paper [16] extended it to general convex sequences by approximating them with eventually vanishing ones. Therefore, he did not provide equality conditions. For convenience of the reader, we give a direct proof of the theorem.
Proof of Theorem 1.1.
First note that p n /n → 0 as n → ∞ by the convergence assumption. Put q n = p n − p n+1 and λ n = q n − q n+1 = p n − 2p n+1 + p n+2 for n = 1, 2, 3, . . . . Then, by convexity, λ n ≥ 0 and thus q n is a non-increasing sequence. In particular, q n has a limit, say q, as n → ∞. If q = 0, then p n is asymptotically equal to nq, which violates p n /n → 0. Hence, we conclude that q = 0. Since q n is non-increasing, we have p n − p n+1 = q n ≥ 0, which means p n is non-increasing. In particular, p n has a limit, say p, as n → ∞. Since p n ≥ 0, we have p ≥ 0. If p > 0, then p n ≥ p, which implies p n /n ≥ p/n = +∞, a contradiction. Hence, the convergence assumption forces the sequence p n to converge to 0. Here we also note that, by the assumption p 1 > 0, there is an n ≥ 1 such that λ n > 0.
We now sum up the inequalities (1.2) with the weight λ n ≥ 0 to obtain
Here, we note that equality holds in (1.4) if and only if f (z) = z/(1 − e iθ z) 2 , because equality must hold in (1.2) for at least one n. The interchange of the order of summation gives us the inequality
then we would have the inequality (1.3). We now show (1.5). Since p n → 0, we have
For convenience, for a fixed k ≥ 1, we put s n = n − k for n = k, k + 1, . . . . Letting N ≥ k, we compute
Here, we used the fact that s k = 0. In particular, we have
Since each term in the left-hand side is non-negative,
Recalling p N +1 → 0, we see by (1.6) that s N +1 q N also has a limit, say b, as N → ∞. If b = 0, then q n is asymptotically b/n and thus p n is asymptotically b log n, which contradicts p n → 0. Thus we conclude that b = 0. Letting N → ∞ in (1.6), we obtain the relation
and hence (1.5) is proved.
In a recent paper by Roth [15] , he made the nice observation that (1.4) could hold even if some of λ n are negative. His idea is to show the inequality
for some N ≥ 2 by using the original idea of de Branges. If λ n ≥ 0 for n > N, we obtain (1.4) by summing up for n > N with weight λ n . We will take a closer look at this case in the third section.
Consequences of Theorem 1.1
By various choices of positive convex sequences p n , we obtain many sharp inequalities on the logarithmic coefficients γ n of f ∈ S. The most fundamental one is perhaps p n = r 2n for a positive number r. It is easy to check that this sequence satisfies the assumptions of Theorem 1.1 if and only if r < 1. Then we obtain the sharp inequality for the logarithmic area
which is known as the Bazilevic conjecture and proved by Milin and Grinshpan [10] (see also [9] ). The next fundamental example is p n = n −α for a constant α > 0. Since ϕ(x) = x −α is convex on x > 0, the sequence p n = ϕ(n) is convex. Therefore, as a corollary of Theorem 1.1, we obtain the inequality
where ζ(x) denotes the Riemann zeta function. Equality holds if and only if f is a rotation of the Koebe function z/(1 − z)
2 . This inequality was proved by Zemyan [16, Theorem 3 (b) ]. Letting α = 1 in particular, we obtain the Duren-Leung inequality [6] (2.1)
It is worth recalling that this inequality was proved even before de Branges' proof of the Lebedev-Milin conjecture.
We summarize other choices in the following lemma.
Lemma 2.1. For each choice of the following, the sequence p n (n = 1, 2, 3, . . . ) is positive and convex.
(1) p n = 1 n + α and α > −1,
for α > −1, β > −1 with (α + β + 6)αβ ≤ 6 and αβ ≤ 6.
(7) p n = (n + α)r n for α > −1 and r ∈ (0, 1) with 2 ≤ (α + 1) log(1/r).
Proof. We will take the following strategy to show the assertion. First we choose a smooth function ϕ so that p n = ϕ(n). If we confirm that ϕ(x) is convex on N ≤ x < +∞ for an integer N ≥ 1, then it is enough to check the condition λ n = p n − 2p n+1 + p n+2 ≥ 0 for n = 1, 2, . . . , N − 1.
(1) Since ϕ(x) = 1/(x + α) is convex on 1 ≤ x for α > −1, the assertion follows.
(2) First note that p n > 0 for n ≥ 1 by the first two conditions on parameters. Indeed,
As a necessary condition, we have
which is certainly implied by the assumption. Let ϕ(x) = x/(x 2 + ax + b) and compute
We note here that b ≤ 6/(6 + a) ≤ 2 by the assumptions a + 3 ≥ 0 and (6 + a)b ≤ 6. Since
it is enough to show that h(
, the function h(x) is increasing in 2 ≤ x < +∞ and thus h(x) ≥ h(2) = 2 > 0 as required. (3) We apply the previous case for a = α + β and b = αβ to get the assertion. (4) As in the case (2), we see that p n > 0 by the first two conditions on a, b. Also, the inequality
holds by assumption. Let ϕ(x) = 1/(x 2 + ax + b) and compute 3 .
Thus we conclude that ϕ(x) is convex on 2 ≤ x < +∞. (5) Just apply (4) with a = α + β and b = αβ.
For x ≥ 1, we have
which implies that ϕ(x) is convex on 1 ≤ x < +∞. (7) It is enough to observe the formula ϕ
Corollary 2.2. For the logarithmic coefficients γ n of f ∈ S, the following inequalities hold. Each of them is strict unless f is not a rotation of the Koebe function z/(1 − z) 2 .
(1)
Here and in the sequel ψ(x) = Γ ′ (x)/Γ(x) denotes the Digamma function. In particular, letting α = 1, 2, 3, 1/2, −1/2, the following sharp inequalities are deduced:
for α, β ∈ (−1, +∞) with (α + β + 6)αβ ≤ 6 and αβ ≤ 6. Here,
In particular,
where
for nonzero α, and
[a]
[b]
1 − r 2 + α log 1 1 − r 2 for α > −1 and 0 < r < 1 with 1 ≤ (α + 1) log(1/r).
Proof. Basically, all the inequalities follow from Theorem 1.1 and Lemma 2.1. The remaining task is only to compute the sum ∞ n=1 p n /n.
(1) By the formula
we easily obtain the first expression. The second expression can be obtained by the well-known formula (see [1, 6.3.16] )
where γ is Euler's constant. The following formulae are convenient in practical computations:
(2) We need to show the identity
This can be deduced by subsituting z = iα into the well-known formula (see [2, p. 189] )
(3) The required formula
can be shown in the same way as in (2) . The particular cases follow from the computations C 1/2,−1/2 = 2 and C 1/2,1 = 2(2 log 2 − 1).
(4) We need to check the formula
.
For the generic case α = β, we may write the right-hand side in the form
and the assertion follows immediately from Case (2). The rest of the assertions follows easily from a standard limiting process.
We have only to use the expression
for α = β. The case when α = β follows from a suitable limiting process.
(6) Apply Lemma 2.1 (7) with r 2 instead of r. It is easy to check the formula
It is noteworthy that the above formulae of various series in the proof of the corollary are valid in general regardless of the parameter conditions.
We remark that
Therefore, we have the Duren-Leung inequality (2.1) as the limiting case as α → 0 in (2). Also, we should confess that an application of Lemma 2.1 (4) could not be included in the corollary due to difficulty of evaluation of infinite series of the form
when a 2 − 4b < 0. We add a couple of further consequences of Theorem 1.1.
Proof.
(1) follows from the fact that ϕ(x) = x/(x + 1) 3 is convex on 1 ≤ x < +∞. (2) follows also from the convexity of ϕ(x) = 1/(x + 1) 3 and the computation
Computer-assisted proof of the inequality for non-convex sequences
In the first section, we presented an inequality of the logarithmic coefficients γ n for a convex sequence p n . The inequality may hold even if p n is not convex; namely, some of λ n = p n − 2p n+1 + p n+2 are negative. We review the idea due to Roth [15] and then reformulate it in a convenient form so that one can check the conditions by using computers.
We recall the proof of the Lebedev-Milin conjecture (1.2) by following FitzGerald and Pommerenke [7] . Fix n ≥ 1. The key idea is to consider the de Branges system of linear ODE:
. . , n, where we put τ n,n+1 (t) ≡ 0. With the aid of Löwner chains, we can see that (1.2) follows from the inequalities τ ′ n,k (t) < 0, t > 0, k = 1, 2, . . . , n. See [7] for details. It is known that τ ′ n,k (t) can be expressed in terms of Jacobi polynomials (see [7, (2. 3)]):
Here, Jacobi polynomials are defined, for instance, by Rodrigues' formula
The Askey-Gasper inequality was a key step to confirm τ ′ n,k (t) < 0.
Roth [15] observed that the same idea works for the inequality (1.7). Namely, consider the solution to the initial value problem
. . , N, where τ N +1 = 0 and
If the condition
. . , N, holds, then (1.7) can be deduced in the same way as in [7] (see [15] for details). When p n = n/(n + 1)
2 and λ n = p n − 2p n+1 + p n+2 , by solving the differential equations, Roth [15] showed that the condition (3.3) holds for N = 5.
We take now a slightly different approach below. In view of the form of (1 .7), we see that τ k can be described in terms of the original τ n,k 's. Indeed, we have
Therefore, by (3.1), τ ′ k can be expressed in terms of Jacobi polynomials:
We can now summarize these observations as the following theorem.
Theorem 3.1. Let p n , n = 1, 2, 3, . . . , be a sequence of non-negative numbers and set q n = p n − p n+1 and λ n = q n − q n+1 . Suppose that there exists a number N ≥ 1 satisfying the following three conditions:
. . , N, where
Then the inequality
holds. Here, equality holds precisely when f is a rotation of the Koebe function z/(1 − z) 2 .
As an example, let us look at the case of Roth [15] . Let p n = n/(n + 1) 2 . Then λ 1 = −1/144 < 0 but λ n > 0 for n > 1. Take N = 5 and compute Q k , k = 1, 2, 3, 4, 5, as follows: .
By numerical computations, we can check that Q k (x) has no roots on the interval (−1, 1). Hence, we verified the Roth inequality [15] (3.5)
It is not necessarily easy to check condition (ii) in the theorem. Indeed, we have no general idea about how large N should be chosen. Therefore, the following necessary condition is useful in practical tests. 
Proof. For (3.1), the condition τ
Thus we have the condition v k ≥ 0.
For instance,
In particular, we observe that the choice N ≤ 2 does not work for Theorem 3.1 when λ 1 < 0.
Remark. Unfortunately, the condition in the above proposition is not necessarily sufficient. Let x k (t) = τ k (t)/k for k = 1, 2, . . . , N. Then the system of ODE (3.2) turns to
Introducing the column vector x = (x 1 , . . . , x N ) T , the system can be expressed by x ′ = A N x for the N × N matrix A N corresponding to the above equation. For example,
Letting x 0 be the initial vector at t = 0, the solution can be given by x = e tA N x 0 and thus
, where v k are as in Proposition 3.2. Simple computations give us
, e
We observe that the entry 3e
T is very close to (0, 0, 1) T , then the first entry of x ′ (t) = e tA 3 A 3 v will take negative values even if v k > 0 are satisfied.
As an example, we consider the sequence p n = n n 2 + α 2 (n = 1, 2, 3, . . . ) for α > 0, which appears in Corollary 2.2 (2). Put q n = p n − p n+1 and λ n = q n − q n+1 as before. By Lemma 2.1 and its proof, we see that the sequence p n is convex if and only if α ≤ 1. It might be an interesting problem to find the largest value α so that the inequality
holds for the logarithmic coefficients γ n of every function f ∈ S. For simplicity, put
As we saw, we should choose N ≥ 3. When N = 3, we compute
Therefore, b ≤ b 0 is necessary and sufficient for v 1,3 ≥ 0, where b 0 = 1.1925184 · · · is the unique real solution to the equation 440 − 317b − 40b 2 − 3b 3 = 0. In this case, v 2,3 = λ 2 > 0, v 3,3 = λ 3 > 0. A numerical computation tells us that the polynomial Q 1 (x) in Theorem 3.1 with N = 3 and b = b 0 assumes a negative value on −1 < x < 1, see Figure  1 . Therefore, the condition in Proposition 3.2 is, indeed, not sufficient for condition (ii) to hold in the theorem. On the other hand, numerical experiments suggest that Q 1 (x) > 0 on −1 < x < 1 for b ≤ 1.19245. Other conditions Q 2 (x) > 0 and Q 3 (x) > 0 can be checked more easily. Thus, in this case, the inequality (3.6) holds for b ≤ 1.19245. Letting N = 9, we can show the following result by using this strategy with the aid of computer.
Theorem 3.3. For the logarithmic coefficients γ n of a function f ∈ S, the inequality
holds, where the inequality is strict unless f is a rotation of the Koebe function.
Proof. Let ϕ(x) = x/(x 2 + 4/3) and p n = ϕ(n). Since
we find that ϕ(x) is convex on 2 ≤ x < +∞. Note that p 1 − 2p 2 + p 3 = −27/868 < 0. We computed the polynomials Q k (x) (k = 1, 2, . . . , 9) in Theorem 3.1 with N = 9 by using Mathematica as shown in Appendix. By numerical computations, we found that Q k (x) has no real roots for each odd k and that Q k (x) has only one real root, which is less than −1, for each even k. Thus we confirmed numerically that Q k (x) > 0 for −1 < x < 1 and k = 1, . . . , 9. We now apply Theorem 3.1 to get the assertion.
In a similar way, we can show the following result, which will be used in the next section. Its proof will also given in Appendix. Proof. Let ϕ(x) = x 2 /[(x + 1) 2 (x + β)] with β = 1/20 and p n = ϕ(n). Then
is positive for x ≥ 3. In this case, indeed, we have
and λ 2 = 12103 2025810 for λ n = p n − 2p n+1 + p n+2 . We take N = 9 and compute Q k (x) (k = 1, . . . , 9) as shown in Appendix. By numerical computations, as in the previous case, Q k (x) has no real roots for each odd k and Q k (x) has only one real root, which is less than −1, for each even k. Thus we confirm the assertion in the same way as the previous theorem.
Applications
Our next result is related to a transform h f of f ∈ S introduced by Danikas and Ruscheweyh [4] :
It was conjectured in [4] that the transform h f ∈ S for each f ∈ S. This conjecture remains open. Roth [15] applied his inequality (3.5) to obtain the sharp H 2 norm estimate of h f for f ∈ S. We now introduce the class
It is known that U ⊂ S. See [3] and also [8, 11, 12] and the references therein. We will say that f ∈ U on |z| < r if f r (z) = f (rz)/r belongs to U. Several generalizations of the class U were investigated in the literature. Among them, the following result was proved in [13] .
Theorem A ([13, Thoerem 4] ). Let f ∈ S, b = |f ′′ (0)|/2!, and let H be defined by the quotient
Then H ∈ U on the disk |z| < r 1 (b). Here, r 1 (b) ≥ r 1 (0) ≈ 0.557666 is the root of the equation 2π The proof of this theorem is based on the Roth inequality (3.5). It is almost the optimal choice but there is still room to improve a little as follows. Their proof relied also on the Roth inequality (3.5). Here, we replace it by Theorem 3.3. Proof. Let F = P f . Since
nγ n z n , we obtain the expressions . Now the assertion follows as before.
In Figure 3 , we exhibit the graphs of r 3 (b) and r 4 (b).
